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The basic work of R. M. White [1] on the generation of elastic wave s by 
transient surface heating was followed by numerous theoretical and 
experimental investigations, to understand the nature of the strange elastic 
waveforms obtained and to make this technique available for practical 
applications [2]. The theoretical considerations of L. R. F. Rose [3] about 
a point of dilation just below the surface of an elastic halfspace leads to 
a reasonable qualitative agreement with experiments, but do not relate all 
relevant material and laser beam parameters to the displacement field. This 
contributions outlines the application of an extended theory to a complete 
system of nondestructive evaluation, taking into account the structure of 
different laser modes, the optical, thermal and elastic material properties 
as well as the finite area of a capacitance transducer . 
THE EXPERIMENTAL DEVICE 
The Q-switched ruby laser emits short light pulses of high peak power. 
It contains a limiting aperture to suppress higher order transverse modes, 
down to the TE M 00 mode. The specimen made of polyc r y s talline aluminum is a 
half-cylinder. Its curved surface is faceted to obtain a reproducible 
transducer position at four observation angles. Polycrystalline material is 
elastically quasi-isotropic; it can be described by Lame's elasticity 
coefficients. The capacitance transducer is a metallic pla t e that forms a 
capacitor together with the specimen. Every surface displacement which 
changes the distance transducer - specimen can be mea sured as change in 
capacity. This is trans formed to a change in voltage, then ampli f ied, 
digitized and handled by a computer. 
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Fig . l. Schematic diagram of the experimental arr angement. 
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MATHEMATICAL DESCRIPTION OF THE LASER PULSE 
Laser beams are coherent monochromatic electromagnetic waves with 
optical frequencies. The mathematical description ensues from Maxwell's 
equations, or if only the intensity I is needed, from scalar optics: 
1 o2 Q> llQ>---c~ ot 2 0 
A reasonable ansatz for the laser beam is the monochromatic plane wave 
multiplied by a mode function ~(r), to account for its spatial structure: 
Q>(r,t)= AljJ(r)exp{jw(t- z:ozo )} 
The mode function of a divergent beam must satisfy the conditions 
limx . y.•~·~1ji=O. By it Eqs . (1) and (2) yields an eigenvalue problem for 1jl, 
with well-known paraxial solutions in cartesian and cylindrical symmetry 
[4] : 
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Characteristic for all modes is the Gaussian envelope in radial direction -
Gaussian beams. The quantity w(z) defines the spotradius (1 / e - radius of 
the fundamental mode), its smallest value W 0 at z = z 0 the beam waist and R(z) 
the radius of curvature of the phasefronts; L~ is a generalized Laguerre 
polynomial. 
Now the Gaussian beam has to be modulated such, that its power takes the 
measured temporal behavior. This is approximately given by 
P(t) = 2 ~W (~I r exp(- ~122 ). (S) 
where kl and ~ specify the optical energy and the pulse duration. The 
modulated field must be a solution of the scalar wave equation, too. Since 
the pulse duration is much greater than an optical period, a solution ¢ml 
in terms of the monochromatic beam and a modulator function with the wave 
argument is obtained: 
( z -zo) ¢ml(r,p, z ,t)=4>ml(r,p,z , t)m t---z-:- · 
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Intensity distributions of Gaussian beams and measured laser 
power . 
After calculating the power of <f>ml, the modulator function and the 
amplitude factor A can be determined by comparison with Eq. (5): 
( .[2 ')3/2 ( 1'2) M(t')= + exp -~ t'=t- z :.Zo >0 
4.J2W m! 
A- 2nw~ nw~-c (l +o.,)(m+ l)! 
(7) 
(8) 
where o., is the Kronecker symbol. With it a monomode laser pulse is 
specified by the following parameters: optical energy W, mode indices m,l,, 
frequency w, pulse duration -c, position of the beam waist z 0 , spotradius in 
the beam waist w •. 
THE BASIC EQUATIONS 
The interaction of light with matter is accompanied by a transfer of 
energy and momentum. An investigation of these mechanism requires the 
solution of Maxwell's equations with the material inherent constitutive 
equations. Especially for aluminum with a weak field imposed, the relations 
D=e. E B = ll.H 
i)j 
-cR - +J=o E 
at • 
(9) 
can be used; Tg denotes the relaxation time and o0 the electrical 
conductivity. Since there is no polarization and magnetization, the 
transfer of energy can be determined from Joule heating alone. During one 
optical period T the term J·E passes through positive and negative values. 
The time average must be taken to obtain the energy per time and volume 
element converted into heat - thermal power density: 
l ft•TI2 
q(r,t)=- (J·E), .d, .. 
T t - T /2 
( l 0) 
An analogous consideration for the momentum leads to the electromagnetic 
force density 
I fi•T/2 
J,.,(r.t)=- (oE+JXB),.dt " T t-T/2 
The absorbed energy diffuses into the solid as determined by the heat 
equation 
0\J 
-KL\u + pmc. at = q(r, t). 
(II) 
( I 2 ) 
Therein x is the thermal conductivity, pm the mass density and c. the 
specific heat at constant volume. The temperature rise v entails a force 
density due to thermal expansion. In homogeneous isotropic elastic 
materials, described by Lame's elasticity coefficients A, Jl and the 
coefficient of thermal expansion ~. this is given by 
f 0(r,t)= - ( A +~ Jl )1317u. (13) 
Both force densities form the inhomogeneity of the equation of motion: 
o2 u (A+2Jl)I717·U-Jli7XI7 Xu-p mJ/2=-j 0 -f,m· (I 4 ) 
A more general form of the basic equations and its derivation in the frame 
of non-equilibrium thermodynamics is discussed in [5]: 
SOLUTIONS 
For the treatment of a special problem the field equations must be 
completed by appropriate initial, transition and boundary conditions. A 
simple configuration is considered: A half-space (z > 0) In the state of 
equilibrium for t < 0 with a vertically incident laser pulse from the time 
t~O. For this case all ini tial conditions are zero. 
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MAXWELL'S EQUATIONS 
The scalar Gaussian beam is suitable to construct a vectorial beam, 
satisfying Maxwell's equations. The result is approximately a transverse 
field with independent components - T EM mr - mode. In case the charge 
density pis not affected by the laser pulse, two Helmholtz equations 
U>2 
6l+-(n-jx) 2 E-o (15) c~ 
U>2 
6Fl + -(n- Jx) 2 R- 0 c~ ( 16) 
with a frequency dependent complex refractive index n-Jx are valid in the 
frequency domain. Both field vectors are continuous in crossing the 
boundary: 
E(r 5 ,w)- l'(r 5 ,w)+ E'(r 5 , U>) Fl(r 5 ,w) m Fl'(r 5 , w)+ Fl'(r 5 ,w) r 5 - (x , y,O). 
(l7) 
In our experiments the laser-specimen distance is z-z 0 "' lm. From Eq. (4) 
follows b 2 » 4(z- z 0 ) 2 and equivalent to it, w(z)"' w 0• Applying this to Eq. 
(3) yields a real mode function which is independent of z,z 0 , AU>. The 
corresponding beam is strictly parallel; its phasefronts are planes. Inside 
the specimen the field decays within the optical skin depth which is in 
metals of the order of 100A. Since this is small against realizable 
spotradii, the second derivatives of E and R with respect to xandyin Eqs. 
(15) and (16) are neglectable against those with respect to z. Thereby, the 
problem is simplified to that of an incident plane wave with a well-known 
solution. The inverse Fourier-transform can also be simplified by means of 
the following argument: since c>>T the bandwidth of the modulator function 
(~ 108 /s) is very small compared to optical frequencies. In the relevant 
frequency range the complex refractive index may be regarded as constant. 
Using all these approximations the following solutions for E •. Hy and 
similar ones for Ey,Hx inside the material are obtained: 
E x.m1(r, 1)- 2 Ax. lj!m 1(r, p )exp(- U>X z + jwl')m(l ' ) 1+n-Jx co 
n-Jx 
Hy.mr(r,l)- !loCo E,,m1(r,l) 
nz- z 0 
1' • 1----
Co 
This field is in accordance with the thermal power density 
( 18) 
( 19) 
( 1 - R .)a 2 2 - • • qm1(r,t) = 2 A {1j!m1(r ,o)m(l)} e ( 20 ) 
and with the electromagnetic force density 
(1-R.)(1+n2 +X 2)a 2 2 -·• 
/,m,mr(r,l)• 4 con A {ljlm1(r,p)m(l)} e e . . (21) 
Above, R . denotes the reflectivity, a the absorption coefficient and e. a 
unit vector in z - direction. 
HEAT EQUATION 
The equalization of temperature is accomplished by heat conduction 
inside the specimen and by heat radiation and free convection at its 
surface. An estimation of the heat loss with the radiation law of Stefan 
and Boltzmann and Newton's law of cooling shows, that it is much less than 
the generated heat Q a ( 1- R . )W. Therefore the heat flow t hrough t he surface 
may be omitted i n the boundary condition: 
ov 
oz l.-0 =0. ( 22) 
In terms of a Green's function the solution can be written as a fourfold 
integral over the time and over the heated volume Vq : 
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v(r,t)= (' ( G 0 (r,r 0 ,t 0 )q(r 0 ,t-t0 )dr 0 dt 0 • (23) Jo Jv q 
The determination of Green's function follows a two-step procedure: The 
special case r 0 -(0,0,z 0 ) is treated first, using cylindrical co-ordinates, a 
Hankel-transform with respect to r and a Laplace-transform with respect to t. 
Then the special solution is generalized by a co-ordinate transform to an 
arbitrary ro=(ro.Po•zo): 
For the thermal power density (20) the volume integral in Eq. (23) can be 
expressed completely by higher transcendental functions; only the 
convolution integral is left [5). 
Figure 3 shows the temperature rise induced by a TEM 00 - mode, as a function 
of time at several points of the z - axis. The maximum temperature rise 
(~=lOOdeg.) appears at the surface in the center of the laser beam. From 
there it drops in the z- direction within a few microns. In radial 
direction the temperature gradient is much less than in the z - direction, 
because the spotradius is large compared to the thermal diffusion length. 
The thermal force density is proportional to the temperature gradient; hence 
it shows a large z - component and a comparatively small r - component. 
EQUATION OF MOTION 
This section is devoted to the equation of motion (14) with the stress 
free boundary condition 
T ·e. 1.-o= 0 . (25) 
Since a comparison between the order of magnitude of both force densities 
points to fe.m 1 » f.m.m 1, the electromagnetic one may be omitted. Then the 
solution can be written as a fourfold integral over the expanding volume Vv 
of the temperature rise and over the time: 
u(r,t)= (' ( G.(r,r 0 ,t 0 )~v(r 0 ,t-t 0 )dr 0 dt 0 • (26) Jo Jv v 
The integrand consists of a vectorial Green's function c. and of the change 
in volume due to thermal expansion. The calculation scheme for the Green's 
function is similar to that applied to the heat equation: Again the special 
case r 0 -(0,0,z 0 ) is treated first, introducing potentials via the Helmholtz 
decomposition, using cylindrical co-ordinates, a Hankel-transform with 
respect to r and a Laplace-transform with respect to t. The inverse 
transform is performed with Cagniard's method and the result generalized to 
an arbitrary r 0 by means of a co-ordinate transform [5]. A special case 
(r 0 -0) of this solution is given in [3). Physically the Green's function 
describes the response of the displacement to an impulsive point of 
dilation. 
The evaluation of Eq. (26) must be accomplished by numerical integration. 
Figure 4 is an example with the complete temperature distribution for the 
T E M 00 - mode. It shows the displacement perpendicular to the dashed 
half-circle, which marks the surface of our specimen, as a function of time 
for several observation angles. First an almost spherical compressional 
pulse (P) is observed, followed by a negative compressional step and a shear 
step for Frc:.. a head wave arises, which is a shear 
wave generated by the compressional wave at the boundary, and near the 
surface the Rayleigh wave is observed. A lot of further results 
concerning various laser beam parameters and Rayleigh waves are presented in 
[5]. 
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Fig. 3. Temporal behavior of the temperature rise induced by a ruby laser 
pulse in aluminum. 
THE CAPACITANCE TRANSDUCER 
The influence of the capacitance transducer on the result of 
measurement is in evidence, if the displacement varies over the plate area. 
To a rough formulation the arrangement in Fig. 5 is considered as a plate 
capacitor and decomposed into the capacitor elements such, that the 
displacement u.(r,t) is constant in rover each element. Since u.«d 0 the 
linearized equation of the plate capacitor may be used to find the change in 
capacity for one element and for the transducer by integration over the 
plate area A: 
Co f Co t.C(t)=- u.(r,t)da=~ u.(R,e,t). 
d 0 A A d 0 
(27 ) 
COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS 
Figure 6 shows the geometry of our specimen in detail. We measured the 
normal displacement at the facets as a function of time with a capacitance 
transducer. The laser pulse was vertically directed onto the plane surf ace. 
A comparison of t hese measurements with half-space solutions is limited by 
reflections of the compressional wavefront at the additional boundar i es to 
the time interval O<t<IO!ls. The capacitance transducer covers an angular 
range of about 20 degrees . In order to study its effect on the measured 
waveforms, the average according to Eq . (27) was performed. The results are 
set against in Fig. 7. At first a good qualitative agreement for all 
observation angles can be stated. The difference between experimental and 
theoretical amplitudes is less than 30 percent. 
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Fig. 4. Displacement component uR(R,9,t) excited by a ruby laser pulse in 
aluminum. 
Fig. 5. Capacitance transducer. 
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Fig . 6 . Specimen and capacitance transducer. 
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Fig. 7. Measured and computed displacement uR(R,9,t);[u 8 ]= A,[t]=~s. 
CONCLUSION 
In summary we have presented a theory describing the optical generation 
of elastic waves in the thermoelastic regime. Since it is based on a few 
physical principles without any heuristic assumption, it is useful for the 
prediction of experiment results. 
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